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The generalized method of cells is a micromechanics model that is generally quite accurate at the macrolevel
but not always accurate at the microlevel. This is due to the absence of so-called shear coupling, which provides
the required bridge between macroscopically applied normal (shear) stresses and the microscopic shear (normal)
stresses necessary for an accurate estimate of microlevel quantities. To overcome this de� ciency, a new microme-
chanicsmodel hasbeen developed for the response ofmultiphasematerials with arbitrary periodicmicrostructures,
named high-� delity generalized method of cells in part because it employs the same microstructural discretization
as the original generalized method of cells. The model’s framework is based on the homogenization theory, but
the method of solution for the local � elds borrows concepts previously employed in constructing the higher-order
theory for functionally graded materials, in contrast with the typical � nite element-based solution strategies. The
model generates the average stress–strain response of heterogeneous materials such as ceramic, metal, and poly-
meric matrix composites, as well as the internal or microlevel stress and strain � elds, with excellent accuracy. The
model is employed to investigate the response of a metal matrix composite with locally irregular, but periodic,
� ber distributions, and it is shown that irregular architectures affect shear and normal stress–strain response in
a different manner. The new model’s ability to capture these differences is attributed to the shear-coupling effect
absent in the original model.

Nomenclature
A.¯° / = Hill’s1 elastic strain concentrationmatrix for the

.¯° / subcell
C¤ = effective stiffness matrix of the

composite material
D.¯° / = thermoplastic effect vector for the .¯° / subcell
d N" p = effective plastic strain increment
d"

p
i j = plastic strain increments

E , Es = Young’s modulus and secondary modulus
e0

i j = Mendelson’s10 modi� ed total strain deviators
f ; g = thermomechanical and plastic force vectors

for the repeating unit cell
H; L = dimensions of the repeating unit cell
Hp = slope of the effective stress-plastic strain curve
h.q /

¯ ; l .r/
° = dimensions of the .¯° / subcell in the .q; r/ cell

K = structural stiffness matrix for the repeating
unit cell

Pm.¢/ = Legendre polynomial of order m
R.¯° /

i j .m;n/ = plastic strain distribution components in the
subcell .¯° /

U = displacement vector characterizing the repeating
unit cell response

u i = global displacement components
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u®i = different-order terms in the global displacement
� eld expansion

u.¯° /

i = displacement components within the .¯° / subcell
Nu i = average displacement components
Qu i = local displacement components
W .¯° /

i .mn/ = microvariables in the displacement � eld
approximation within the .¯° / subcell

xi = macroscopic coordinates
yi = microscopic coordinates
Ny.¯/

2 ; Ny.° /

3 = local subcell coordinates
¡.¯° / = thermal stress tensor of the material in the .¯° /

subcell
"

p.¯° /

kl = plastic strains in the .¯° / subcell
N"i j = average composite strains
Q"i j = local composite strains
N".¯° / = average total strains in the .¯° / subcell
³

.¢/
i = nondimensionalizedsubcell coordinates

¹ = shear modulus
¾y = yield stress in pure tension
N¾; N¾ I ; N¾T = composite total, inelastic, and thermal stresses
N¾eff = effective stress

Introduction

M ICROMECHANICAL modeling techniques are important
tools in many advanced applications that require the use

of engineered microstructures involving multiphase material con-
cepts. They make it possible to analyze ef� ciently how different
microstructural details affect the average and local responses of
multiphase materials in the quest to develop optimum material ar-
chitectures for speci� c applications.

Micromechanical techniques for the response of heterogeneous
materials developed during the past several decades include sim-
ple Voigt and Reuss hypotheses, self-consistent schemes and their
generalizations, differential schemes, concentric cylinder models,
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bounding techniques,and approximateor numerical analysesof pe-
riodic arraysof inclusionsor � bers in the surroundingmatrix phase.
These approachesmay be divided into three broad categories: those
basedon the direct calculationof Hill’s stressor strain concentration
matrices1 developed for two-phase composites and those based on
the concepts of a representative volume element (RVE) and a re-
peating unit cell (RUC). RVE-based approaches employ simpli� ed
geometric representationsof the entire composite for which analyt-
ical solutions under homogeneous displacementor traction bound-
ary conditionsare readily available.Therefore, they are not suitable
for the analysis of periodic composites with locally irregular mi-
crostructures.RUC-based approaches,on the other hand, model the
actualmicrostructureof a material’s subvolumewhich is assumed to
repeat itself, and, therefore,often rely on numerical solutions of the
governing � eld equations using � nite difference or � nite element
methods. Symmetry boundary conditions are typically employed
in those situations where the RUC possesses material symmetry
that is retained in the deformed state. Periodic boundary conditions
must be applied to the RUC in the absence of material symmetry or
symmetry-preservingloading.

The use of periodic boundary conditions together with a mul-
tiscale asymptotic representation of the displacement � eld within
an RUC forms the basis of the homogenization theory for esti-
mating the effective response of periodic materials. This theory is
particularly effective when applied to periodic multiphase materi-
als that are characterized by an arbitrary distribution of different
phases within an RUC. In particular, it provides the correct peri-
odic boundary conditions that must be applied to the RUC under
loadingalong differentdirections,2 therebyavoiding the need for ad
hoc assumptionson the deformationof the RUC’s boundingsurface
under multi-axial loading. However, with the exception of simple
RUC architectures amenable to analytical solutions, the simulation
of effective response is performed through a numerical analysis of
the RUC such as the � nite element approach.

To overcome this disadvantage, a new analytical model for the
effective response of continuously reinforced, periodic multiphase
materials has been developed that circumvents the use of a � nite
element solution for the displacement and stress � elds within an
RUC.3¡5 When this approach is used, periodic materials with ar-
bitrary phase distributions in the plane normal to the continuous
reinforcement, whose response in this plane is fully anisotropic,
can be modeled. The model’s analytical framework is based on
the homogenization theory, but the method of solution for the lo-
cal displacement and stress � elds within an RUC utilizes concepts
previously employed in constructing higher-order theory for func-
tionally graded materials.6 The homogenization theory is used to
construct a higher-order displacement � eld approximation at the
local microstructural level of a periodic multiphase material in a
consistent fashion and to derive the governing � eld equations and
the boundary conditions that the displacement � eld must satisfy.
The actual solution for the local displacement and strain and stress
� elds follows the alreadymentionedhigher-ordertheory. It is based
on discretizationof the RUC into rectangular cells that are assigned
material properties to mimic the material’s periodic microstructure
and satisfaction of the � eld equations in a volumetric, and conti-
nuity and periodic boundary conditions in a surface-average,sense.
The higher-orderdisplacement� eld approximationat the local level
provides the necessary coupling between the local normal and in-
plane shear stress � elds and the macroscopically applied loading.
This couplingdramatically improves the accuracy of estimating the
local stress � elds relative to the generalizedmethod of cells,7 which
is based on a � rst-order displacement approximation at the local
level. The new model’s name is high-� delity generalizedmethod of
cells (HFGMC) to re� ect both the enhanced accuracy and similar
volume discretizationrelative to the original generalizedmethod of
cells (GMC).

The HFGMC model’s predictive accuracy in generating the ef-
fective elastic moduli, inelastic stress–strain response,and the local
stress and inelastic strain � elds has been demonstrated by compar-
ison with the results of analytical elasticity, plasticity, and � nite
element solutions involvinga circular inclusion in an in� nite matrix

subjected to a uniform far-� eld stress, a concentric cylinder sub-
jected to axisymmetricand axial shear loading,and a square � ber ar-
ray under transverse biaxial tension–compression, respectively.3¡5

Thesevalidationstudieshavebeenperformedfor simplemicrostruc-
tures characterized by orthogonal planes of material symmetry. To
date, no data have been generatedon unidirectionalcompositeswith
locally irregularmicrostructuresusing HFGMC. It is for such com-
posites that the power of HFGMC will become evident due to the
importance of shear coupling in the presence of locally irregular
microstructures.The differencesbetween the originalGMC and the
new HFGMC models are also expected to be highlighted in these
circumstances.

Note that limited GMC-based analyses of statistically homoge-
neous (and locally irregular) unidirectional composites have been
conducted by Orozco8 and Orozco and Pindera,9 where it was
demonstrated that correct effective moduli trends were predicted
by GMC with increasing microstructural re� nement in the elastic
regionandundercertainloadingconditionsandmaterialsymmetries
in the inelastic region. However, the impact of the shear coupling’s
absence on both the macroscopic and microscopic responses could
not be investigated thoroughly due to the original GMC model’s
obvious limitations. This limitation is no longer present in the new
HFGMC model, enabling direct assessment of the shear coupling’s
in� uence on the response of both regular and locally irregular peri-
odic composites through comparison of the two model’s predictive
capabilities.

In the present paper, therefore, HFGMC is employed to analyze
the effective response and local stress � elds in unidirectionalmetal
matrix composites with periodic, but locally irregular, � ber distri-
butions. Of particular interest is the effect of local � ber distribution
inhomogeneityon the effective response in the plane perpendicular
to the � ber direction relative to the effective response of a compos-
ite with regular (square) � ber distribution. Two types of irregular
� ber architectures are considered, one of which produces mono-
clinic symmetry. These � ber architectures cannot be analyzed reli-
ably using the original GMC due to the absence of shear coupling
responsiblefor the observeddifferencespredictedby the new model.
This is highlighted through comparison of the two models’ predic-
tions of such composites’ macroscopic and microscopic responses.

Analytical Foundations of HFGMC
The theoreticalframeworkof HFGMC has beenwell documented

by Aboudi et al.,3¡5 and therefore, only a brief outline will be pre-
sented here to facilitate correct interpretationof the results that fol-
low.Consideramultiphasecompositewith a periodicmicrostructure
in the x2 ¡ x3 plane shown in Fig. 1, where the repeating unit cell
used to construct the periodic array is highlighted.In the framework
of the homogenizationtheory, the displacement � eld is represented
by the two-scale expansion

ui .x; y/ D u i0.x; y/ C ±u i1.x; y/ C ±2ui2.x; y/ C ¢ ¢ ¢ (1)

where x D .x1; x2; x3/ are the macroscopic coordinates, y D
.y1; y2; y3/ are the microscopic coordinatesde� ned with respect to

Fig. 1 Multiphase material with a periodic microstructure in the
transverse plane characterized by an RUC.
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the repeating unit cell, and the different-orderterms in the displace-
ment � eld expansionare y periodicdue to the material’s periodicity.
The size of the repeating unit cell characterizedby the parameter ±
is considered small relative to the overall material dimensions such
that yi D xi =±, which implies that a unit displacement at the local
scale corresponds to a small displacementon the global scale.

The preceding displacement � eld representation, in conjunction
with the relation between the two scales, allows us to express the
strain � eld in periodic composites in terms of the average and � uc-
tuating strain quantities, N"i j .x/ and Q"i j .x; y/, respectively,

"i j D N"i j .x/ C Q"i j .x; y/ C O.±/ (2)

where the average and � uctuating (local) strains are given in terms
of the correspondingdisplacements Nui and Qu i ,

N"i j .x/ D 1

2

³
@ Nui

@x j
C @ Nu j

@xi

´
; Q"i j .x; y/ D 1

2

³
@ Qui

@y j
C @ Qu j

@yi

´
(3)

The precedingstrain decompositionmakes it possibleto express the
displacement � eld in the form

ui .x; y/ D N"i j x j C Qui C O.±2/ (4)

which is employed in constructing an approximate displacement
� eld for the solution of the cell problem discussed in the sequel.

For speci� ed values of the average strains, the unknown � uc-
tuating displacements are governed by the equilibrium equations
subject to periodic boundary conditions imposed on the displace-
ment and traction components that are prescribedat the boundaries
of the RUC. In addition to these boundary conditions,one needs to
impose the continuity of displacementsand tractions at the internal
interfacesbetween the phases that � ll the RUC. The manner of solv-
ing the governing � eld equations for the � uctuating displacements
in the RUC based on the already given representation is described
next.

Cell Problem
The local analysis is performed on the RUC, appropriately dis-

cretized into generic cells and subcells to mimic the material’s pe-
riodic microstructure, as shown in Fig. 2 for the RUC highlighted
in Fig. 1. The indices q and r , whose ranges are q D 1; : : : ; Nq and
r D 1; : : : ; Nr , identify the generic cell (or the basic building block
of the RUC) in the y2 ¡ y3 plane. The dimensionsof the generic cell

a)

b)

Fig. 2 RUC from Fig. 1: a) volume discretization and b) generic cell
within RUC.

along the y2 and y3 axes are h.q/

1 , h.q /

2 and l .r /

1 , l .r/

2 , respectively,such
that

H D
NqX

1

¡
h.q /

1 C h.q/

2

¢
; L D

NrX

1

¡
l .r/

1 C l .r /

2

¢
(5)

Following the general displacement � eld representationfor peri-
odic media based on the two-scale expansion technique, the subcell
displacement � eld approximation has the following form, omitting
the cell label .q; r /:

u.¯° /

1 D N"1 j x j C W .¯° /

1.00/
C Ny.¯/

2 W .¯° /

1.10/
C Ny.° /

3 W .¯° /

1.01/

C 1
2

¡
3 Ny.¯/2

2 ¡ h.q/2
¯

¯
4
¢
W .¯° /

1.20/
C 1

2

¡
3 Ny.° /2

3 ¡ l .r/2
°

¯
4
¢
W .¯° /

1.02/

(6)

u.¯° /

2 D N"2 j x j C W .¯° /

2.00/
C Ny.¯/

2 W .¯° /

2.10/
C Ny.° /

3 W .¯° /

2.01/

C 1
2

¡
3 Ny.¯/2

2 ¡ h.q/2
¯

¯
4
¢
W .¯° /

2.20/
C 1

2

¡
3 Ny.° /2

3 ¡ l .r/2
°

¯
4
¢
W .¯° /

2.02/

(7)

u.¯° /

3 D N"3 j x j C W .¯° /

3.00/
C Ny.¯/

2 W .¯° /

3.10/
C Ny.° /

3 W .¯° /

3.01/

C 1
2

¡
3 Ny.¯/2

2 ¡ h.q/2
¯

¯
4
¢
W .¯° /

3.20/
C 1

2

¡
3 Ny.° /2

3 ¡ l .r/2
°

¯
4
¢
W .¯° /

3.02/

(8)

The unknown microvariables W .¯° /

i .mn/ in the � uctuating part of the
subcell displacement � eld representation are determined by satis-
fying the equilibrium equations in the subcell .¯° / in a volumetric
sense and the displacement and traction continuity conditions be-
tween subcells within a generic cell, and between adjacent generic
cells, in a surface-averagesense. In addition, the periodic boundary
conditions are imposed in a surface-averaged sense as well. Ap-
plication of the preceding equations and conditions in this manner
produces a system of 60Nq Nr algebraic equations in the unknown
coef� cients W .¯° /

i.mn/ of the form

KU D f C g (9)

where the structural stiffness matrix K contains information on the
geometry and thermomechanical properties of the individual sub-
cells .¯° / within the cells comprising the multiphaseperiodic com-
posite. The displacementcoef� cient vector U containsthe unknown
coef� cients that describe the displacement� eld in each subcell, that
is,

U D
£
U.11/

11 ; : : : ; U.22/

Nq Nr

¤
(10)

where U .¯° /
qr D [Wi .00/; Wi.10/; Wi .01/;Wi.20/; Wi.02/]

.¯° /
qr and the me-

chanical force vector f contains information on the applied average
strains and the imposed spatially uniform temperature change. In
addition, the inelastic force vector g appearing on the right-hand
side of the global system of equations contains inelastic effects
given in terms of the integrals of the plastic strain distributions
"

p.¯° /

kl . Ny.¯/

2 ; Ny.° /

3 / that are represented by the coef� cients R.¯° /

i j .m;n/ ,

R.¯° /

i j .m ;n/
D

1

2
¹.¯° /

p
.2m C 1/.2n C 1/

£
Z C1

¡1

Z C1

¡1

"
p.¯° /

i j Pm

¡
³

.¯/

2

¢
Pn

¡
³

.° /

3

¢
d³

.¯/

2 d³
.° /

3 (11)

where the nondimensionalizedvariables ³
.¢/
i , de� ned in the interval

¡1 · ³
.¢/
i · 1, are given in terms of the local subcell coordinates

³
.¯/

2 D Ny.¯/

2 =.h.q/

¯ =2/ and ³
.° /

3 D Ny.° /

3 =.l .r/
° =2/, and where Pm.¢/ and

Pn.¢/ are Legendre polynomials of order m and n. These integrals
depend implicitly on the elements of the displacement coef� cient
vector U, requiring an incremental solution of the global equations
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at each pointalong the loadingpath.The outlinedformulationis suf-
� ciently general to admit either rate-independentincremental plas-
ticity, rate-dependent creep, or uni� ed viscoplasticity constitutive
theories.

Homogenized Constitutive Equations
The solution for the displacement vector U containing the un-

known subcells microvariables W .¯° /

i.mn/ in terms of the applied aver-
age strain N" enables the determination of the localization relations.
These are given in terms of so-called Hill’s strain concentration
matrices1 A.¯° /, which connect the subcell and average strains, and
the vector D.¯° /, which contains information on thermal and plastic
deformation in the .¯° / subcell of the .q; r/ cell. The localization
relations have the form

£
N".¯° /

¤.q;r/ D
£
A.¯° / N" C D.¯° /

¤.q ;r/
(12)

Use of these relations in the expression for the average composite
stress given in terms of the volume-averagesubcell stresses, in con-
junction with the volume-averaged subcell stress–strain equations,
leads to the macroscopic constitutive equation for the multiphase
composite in the form

N¾ D C¤ N" ¡ . N¾ I C N¾T / (13)

where the homogenized stiffness matrix for the composite is given
in terms of the subcell geometry,material properties,and the elastic
Hill strain concentrationmatrices,

C¤ D
1

H L

NqX

q D 1

NrX

r D 1

2X

¯;° D 1

h.q/

¯ l .r /
°

£
C.¯° /A.¯° /

¤.q;r/
(14)

and the inelastic and thermal terms are given in terms of the corre-
sponding quantities

N¾ I C N¾T D
¡1
H L

NqX

q D 1

NrX

r D 1

2X

¯;° D 1

h.q/

¯ l .r /
°

£
C.¯° / ¡ D.¯° /

¡ R.¯° /

.0;0/
¡ ¡.¯° /1T

¤.q ;r /
(15)

Classical Plasticity Model for the Phases
In the present study, the inelastic response of the matrix phase in

the investigated unidirectional metal matrix composites was mod-
eled using the classical incremental plasticity theory. Mendelson’s
method of successive iterations,10 described brie� y later, and in
more detail elsewhere, is employed to solve Eq. (9) for the un-
known coef� cients W .¯° /

i .mn/ and the plastic strain distributions "
p.¯° /

kl
in the individualsubcellsat eachappliedload increment,fromwhich
the localization relations necessary in the calculation of the macro-
scopic response are determined. Toward this end, the plastic strain
� eld in the .¯° / subcell at the current macroscopic strain is ex-
pressedin terms of the known initial distributionfrom the preceding
loading state plus an increment that results from the imposed strain
increment,

"
p.¯° /

kl

¡
Ny.¯/

2 ; Ny.° /

3

¢­­
current

D "
p.¯° /

kl

¡
Ny.¯/

2 ; Ny.° /

3

¢­­
previous

C d"
p.¯° /

kl

¡
Ny.¯/

2 ; Ny.° /

3

¢
(16)

The plastic increments at the individual locations within the subcell
are obtained from the Prandtl–Reuss � ow rule expressed in terms
of Mendelson’s modi� ed total strain deviators e0

i j , rather than de-
viatoric stresses, as follows [omitting the subcell designation .¯° /
for notational clarity]:

d"
p
i j D .e0

i j =Neeff/d N" p (17)

where e0
i j D "i j ¡ 1=3"kk±i j ¡ "

p
i j

­­
previous

and Neeff D
p

2=3e0
i j e

0
i j and

the effective plastic strain increment d N" p is given by

d N" p D Neeff ¡ N¾eff=3¹ (18)

In this study, we take the elastoplastic response of the matrix phase,
characterizedby isotropic hardening, to be bilinear, with the effec-
tive stress N¾eff given by

N¾eff.N" p/ D ¾y C Hp N" p (19)

where ¾y is the yield stress in pure tension and Hp is the slope of the
effective stress–plastic strain curve, related to the secondarymodu-
lus Es in the bilinearstress–strain representationof the elastoplastic
response as

Hp D E Es=.E ¡ Es/ (20)

As already demonstrated, the preceding form of the incremental
plasticity equations is completely equivalent to the classical formu-
lation, but possesses the added advantage of producing very quick
convergence when used in conjunction with Mendelson’s iterative
scheme for the solution of Eq. (9). The implementation of these
equations is facilitated by the following loading condition for plas-
tic loading:

1 ¡ N¾eff=3¹Neeff (21)

shown previously to produce very fast convergence.11

Shear Coupling Effect
In this section, we brie� y demonstrate the model’s predictive ca-

pabilityunder transverse loading throughcomparisonwith the � nite
element results generatedusing the commercialprogramANSYS to
show the importanceof the shear couplingeffect. This effect is even
more important in composites with locally irregular reinforcement
as demonstrated in the following section.

We consider a unidirectionalgraphite/aluminum composite with
5 and 25% � ber content and a square � ber array. The properties of
the individualconstituentsare given in Tables 1 and 2. The graphite
� ber is transversely isotropic, and the aluminum matrix isotropic
and 3.58 times stiffer than the � ber in the loading plane. The sec-
ondary modulus Es of the aluminum matrix appearing in Eq. (20) is
6.16 times smaller than Young’s modulus, and the given yield stress
initiates yielding under uniaxial loading at a relatively small strain
of 0.4%.

For the HFGMC simulations,the RUC for both � ber volume frac-
tions was dscretized into 36 £ 36 subcells to capture the circular
� ber shape with high � delity.4;5 For the � nite element simulations,
a re� ned representationof one-quarterof the RUC containing1260
elements with 3909 nodes was constructed using 8-noded, plane-
strain quadrilateral elements. External loading was speci� ed in the
form of uniform displacements of opposite signs but equal magni-
tudes applied to the right horizontaland top vertical faces of the unit
cell under the condition of plane strain in the out-of-planedirection,
N"11 D 0, and symmetry conditionson the remaining faces. This type

Table 1 Elastic moduli of the
transversely isotropic graphite � ber

Property Value

EA , GPa 388.20
ºA 0.41
ET , GPa 7.60
ºT 0.45
G A , GPa 14.90

Table 2 Elastic and plastic moduli
of the isotropic aluminum matrix

Property Value

E , GPa 72.40
º 0.33
G, GPa 27.22
¾Y , MPa 286.67
ES , GPa 11.70
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of loading representspure shearing in the coordinatesystem rotated
by 45 deg about the � ber’s center and provides a critical test of
HFGMC’s predictive capability under transverse loading.

Figure3 providesthe comparisonbetweenthe high-� delitymodel
and � nite element predictions of the macroscopic stress–strain re-
sponse for the 25% � ber volume composite. There is virtually no
difference between the predictions of the two models. The same
holds true for the 5% (dilute) case.4;5 Included in Fig. 3 is the pre-
dictionof the originalGMC. As observed,the initialelastic response
is captured very well by this simpler model despite the inherent ab-
sence of shear coupling. The predictive capability of this model is
also quite good in the elastoplastic region but does depend on the
� ber volume fraction and also the type of applied loading. The rea-
son for GMC’s ability to model the macroscopic inelastic response,
that is, initial modulus and subsequent average stress–strain behav-
ior, of metal matrix compositeswith good accuracyunder transverse
normal (and also axial normal and axial shear) loading is its ability
to reproducethe microleveleffectivestress responsiblefor plasticity
effects with good accuracy. However, the individual stress compo-
nents are not always capturedsuf� ciently well by the originalGMC
model, as will be discussed.

Figure 4 shows the transverse shear stress ¾23 distributions gen-
erated using the high-� delity model and the � nite element analysis
for the dilute case at the applied transversenormal strain N"33 of 1%.
Clearly, the magnitude of the transverse shear stress is signi� cant

Fig. 3 Macroscopic transverse stress–strain response of a unidirec-
tional graphite/aluminum composite with 25% � ber content under
plane strain, ¹"11 = 0, biaxial tension–compression, ¹"22 = ¡¹"33 loading.

a) High-� delity GMC b) Finite element analysis

Fig. 4 Transverse shear stress ¾23 � elds (megapascal) in a unidirectional graphite/aluminum composite with 5% � ber content at the applied average
normal strain ¹"33 of 1.0%.

and cannot be neglected.Comparison of the two sets of predictions
reaf� rms the predictivecapabilityof thehigh-� delitymodel. In stark
contrast,GMC predicts that the transverseshear stress is identically
zero, which is a direct consequence of the absence of shear cou-
pling. Apparently, lack of shear coupling, while resulting in poor
prediction for local distributions of certain stress components, has
little effect on the method’s ability to capture accurately the macro-
scopic behavior for this loading type and square geometry of the
RUC. This is not the case for locally irregular periodic materials as
discussed in the next section.

Irregular RUC Response
We consider the inelastic response of a unidirectional

boron/aluminum compositewith two types of irregularperiodicmi-
crostructurescontainingthe same � ber contentbyvolume(36%)and
compare it with the corresponding composite whose RUC is char-
acterized by a square � ber array shown in Fig. 5a. Of the two irreg-
ular microstructures, one is completely random (Fig. 5b), whereas
the remaining one (Fig. 5c), although also apparently random, on
closer examination contains � bers preferentially aligned in one di-
rection in the transverse x2 ¡ x3 plane. This � ber preferentialalign-
ment producesa compositewith monoclinicsymmetry.The material
properties of the isotropic elastic boron � bers and the elastoplastic
aluminum matrix characterizedby isotropic hardeningand bilinear
stress–strain response are given in Tables 3 and 4. The response of
the three � ber microstructures is investigated and compared under
transversenormalandshear loadingappliedin the x2 ¡ x3 plane.The
simulations performed using the new high-� delity micromechanics
model are repeated using the original GMC model for comparison.

The macroscopic stress–strain responses of the three � ber arrays
undertransverseloadinggeneratedusing the two modelsaregivenin
Fig. 6. Both models predict that the compositewith the square � ber
arrayproducesthe stiffest response,followedby the completelyran-
dom and then monoclinicarrays. The softer responseof the random

Table 3 Elastic moduli of the
isotropic boron � ber

Property Value

E , GPa 420.00
º 0.20
G, GPa 175.00

Table 4 Elastic and plastic moduli
of the isotropic aluminum matrix

Property Value

E , GPa 70.00
º 0.33
G, GPa 26.32
¾Y , MPa 250.00
ES , GPa 10.00
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a)

b)

c)

Fig. 5 Investigated boron/aluminum microstructural architectures
with 36% � ber content: a) square array, b) irregular array, and c) ir-
regular array with transverse monoclinic symmetry.

a) High-� delity GMC

b) Original GMC

Fig. 6 Transverse normal stress–strain response of a boron/aluminum
unidirectional composite with three different types of internal mi-
crostructure.

array is in agreement with previously reported results generated by
the � nite element technique.12¡14 The HFGMC model predicts that
the differences in the initial elastic moduli and subsequent elasto-
plastic response are small for the square and completely random
arrays. These differencesincrease with increasingconstituentmod-
uli mismatch and � ber volume content. In contrast, the response of
the monoclinicarray, apparently thus far not investigated, is notice-
ably more compliant in the elastic region and, to a more pronounced
extent, in the plastic region. The predictions of the original GMC
model differ from the HFGMC predictions in that the responses of
the random and monoclinic arrays are quite close and noticeably
lower than the response of the square array.

The reason for the observed differences in the macroscopic re-
sponses of the three � ber architectures,as well as the differences in
the two models’ predictions, can be traced to the local transverse
normal stress distributionsshown in Fig. 7. As observed,both mod-
els indicate that the square � ber array localizes the transversestress
in the matrix separating adjacent � bers along horizontal � ber rows
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a)

b)

c)

Fig. 7 Transverse normal stress � elds (megapascal) in a boron/aluminum unidirectional composite with three different types of internal microstruc-
tures at the applied average normal strain of 0.5%: a) square array, b) irregular array, and c) monoclinic array.

lined up with the applied load. The matrix channels between the
horizontal � ber rows, on the other hand, experience much lower
transversestress and, consequently,smaller plastic strains.Because
the originalGMC model uses a � rst-order displacement � eld repre-
sentation at the subcell level, the imposition of traction continuity
in a surface-average sense from subcell to subcell along the load-
ing direction produces a transverse stress distributioncharacterized
by constant magnitude strips along this direction. The higher-order
displacement � eld representation in the new model, on the other
hand, does produce the expected spatial variation of this traction
component along the loading direction due to shear coupling even
though tractioncontinuity is also applied in a surface average. Nev-
ertheless, the basic character of the transverse normal stress � eld is
captured by both models in the case of the square array.

The differences in the local transverse stress distributions pre-
dicted by the two models, which explain the observed macrolevel
trends, are quite apparent in the case of the locally irregular mi-
crostrucures.The high-� delity model predicts that the random mi-
crostructure also tends to localize the transverse stress in regions
adjacent to the � bers in the direction of the applied load, thereby
sheltering the remaining regionsof the matrix phase to a certain ex-
tent. On the other hand, the matrix phase of the monoclinic array is
stressed more uniformly and to a greater extent than in the � rst two
cases, giving rise to more plastic strain and, thus, more compliant
macroscopicresponse. In contrast, the local stress distributionspre-

dicted by the original model for these two microstructures exhibit
substantially different trends. Although some localization is evi-
dent in the random microstructure, the stress magnitudes are much
lower than those predicted by the high-� delity model for this array.
The reasonfor this lies in the absenceof shear coupling,which is the
primary mechanism from transferring stress from the harder to the
softer phase. Whereas no localization is evident in the monoclinic
array because the applied load does not see any channelscontaining
only the matrix phase or rows of aligned � bers, the actual stress
magnitudes are not substantially different than those seen in the
random array. This explains why the original model predicts simi-
lar macrolevel responses for the random and monoclinic arrays, in
contrast with the high-� delity model.

The differencesbetween the predictivecapabilityof the two mod-
els for locally irregular composites are even more pronounced un-
der shear loading in the x2 ¡ x3 plane. The macroscopic stress–

strain responses for the three � ber arrays under this type of loading
generated using the two models are given in Fig. 8. In this case,
the microstructure-dependent trend predicted by the high-� delity
model is reversed, with the monoclinic array producing the stiffest
response, followed by the irregular and then square array. Further-
more, the relativedifferencesin the responsesof the different arrays
are more pronounced relative to the normal loading case. In con-
trast, the original GMC model predicts the same macrolevel trans-
verse shear stress–strain for the three � ber arrays. The differences
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a) High-� delity GMC b) Original GMC

Fig. 8 Transverse shear stress-strain response of a boron/aluminum unidirectional composite with three different types of internal microstructure.

a)

b)

c)

Fig. 9 Shear stress � elds (megapascal) in a boron/aluminum unidirectional composite with three different types of internal microstructures at the
applied average shear strain of 0.5%: a) square array, b) irregular array, and c) monoclinic array.
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a)

b)

c)

Fig. 10 Hydrostatic stress � elds (megapascal) in a boron/aluminum unidirectional composite with three different types of internal microstructures
at the applied average shear strain of 0.5%: a) square array, b) irregular array, and c) monoclinic array.

predicted by the high-� delity model, as well as the absence of dif-
ferences predicted by the original model, are also explained by the
internal stress � elds.

Figure 9 presents the local shear stress distributions for the three
� ber arrays generated by the two models. The high-� delity model
predicts a substantiallyhigher shear stress in the matrix phase of the
square array relative to the monoclinic array (where sign reversal is
also observed), thus, resulting in the most compliant response. The
mononclic array localizes the shear stress within the elastic � bers,
while lowering this stress component in the matrix phase to the
extent that changes in the shear stress sign occur in some matrix re-
gions, thus, producingthe stiffestmacroscopicresponseof the three
arrays. The internal shear stress magnitudes in the randomarray are
only somewhat lower than in the regular array, producing a some-
what stiffer response. In contrast, the original GMC model predicts
identicalshear stress � elds for the three different architectures.This
is a direct result of the � rst-order displacement � eld approximation
in the individual subcells, which produces piecewise uniform sub-
cell stress � elds and, thus, a uniformfull-� eld transverseshear stress
� eld due to the applicationof tractioncontinuity in an average sense
in the presence of macroscopicallyuniform loading.

Additional insight into the observed differences in the macro-
scopic shear stress–strain responses of the three arrays predicted by
the high-� delity model, and the inability of the original model to

capture these differences, is gained by examining the local effective
and hydrostatic stress distributions. The effective stress is directly
responsible for plastic � ow in the matrix phase, whereas the hy-
drostatic stress prevents the evolution of plastic � ow. Examination
of the effective stress distributions in the three � ber architectures,
not shown here because their character is similar to the shear stress
distributions shown in Fig. 9, indicates that the effective stress in
the matrix phase of the monoclinic array predicted by the high-
� delity model is smaller relative to the square and random arrays.
The smaller values of the effective stress in the matrix phase are
offset by the higher values in the � bers. The lower magnitudes of
the matrix effective stress in the monoclinic array are accompanied
by the higher magnitudes of the corresponding hydrostatic stress
relative to the other two arrays, shown in Fig. 10. This provides
additional evidence for the stiffer response of the monoclinic array
under shear loading relative to the square and random arrays.

In contrast, the original GMC model predicts the same uniform
distributions of the effective stress throughout the entire repeating
unit cell for the three different arrays and complete absence of the
hydrostatic stress. This is a direct result of the lack of shear cou-
pling, which produces a state of stress throughout the entire RUC
characterized by just one component, namely, the transverse shear
stress component,whose magnitude is identical to the macroscopic
value.
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Conclusions
The recentlydevelopedmicromechanicsmodelHFGMC hasbeen

demonstrated to be capable of predicting the response of periodic
composites with locally irregular � ber distributions. Prior investi-
gations of the model’s predictivecapabilitywere limited to periodic
compositescharacterizedby RUCs with orthogonalplanes of mate-
rial symmetry. The results presented herein have demonstrated the
model’s wider range of applicability to periodic multiphase mate-
rials without easily de� nable planes of material symmetry. Local
irregularities in reinforcement phase distribution may arise natu-
rally due to a particular fabrication process or may be introduced
deliberately to alter the material response. The presented examples
clearly demonstrate the model’s sensitivity in capturing the macro-
scopic response and the local stress � elds that are in� uenced by the
changes in the reinforcement phase distribution. This capability is
a direct consequence of the shear coupling effect that is an inher-
ent feature of the new model. This effect is rooted in the use of a
higher-order displacement � eld approximation within the individ-
ual phases of the heterogeneous material relative to that employed
in the simpler GMC model from which HFGMC evolved, which is
incapableof correctlypredictingthe observed trends due to the lack
of shear coupling.

The speci� c examples presented have demonstrated an interest-
ing in� uence of two particular random � ber distributions on the
normal and shear response of a metal matrix composite in the plane
transverse to the � ber direction. This in� uence is more pronounced
for shear loading, and clearly demonstrates the importance of the
shear coupling effect, and, thus, the signi� cance of the high-� delity
model.
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